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Abstract. The superhorizon (iso)curvature perturbations are conserved if the following con-
ditions are satisfied: (i) (each) non adiabatic pressure perturbation is zero, (ii) the gradient
terms are ignored, that is, at the leading order of the gradient expansion (iii) (each) total
energy momentum tensor is conserved. We consider the case with the violation of the last
two requirements and discuss the generation of secondary isocurvature perturbations during
the late time universe. Second order gradient terms are not necessarily ignored even if we are
interested in the long wavelength modes because of the convolutions which may pick products
of short wavelength perturbations up. We then introduce second order conserved quantities
on superhorizon scales under the conditions (i) and (iii) even in the presence of the gradient
terms by employing the full second order cosmological perturbation theory. We also discuss
the violation of the condition (iii), that is, the energy momentum tensor is conserved for the
total system but not for each component fluid. As an example, we explicitly evaluate second
order heat conduction between baryons and photons due to the weak Compton scattering,
which dominates the period just before recombination. We show that such secondary effects
can be recast into the isocurvature perturbations on superhorizon scales if the local type
primordial non Gaussianity exists a priori.
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1 Introduction
The conserved quantities on superhorizon scales play an important role in inflationary Uni-
verse because they connect the primordial perturbations generated during inflation with
those at the late Universe. Even though most of characteristic signals of the early universe
are washed away due to the thermalization processes, they keep the statistics of the pri-
mordial density fluctuations, which enables us to reveal the details of inflationary models.
We usually evaluate such quantities when they exit horizons during inflation and consider
them as initial conditions of the hot Big Bang universe. The curvature perturbation on the
uniform density slice ζ is one of typical examples of such conserved quantities [1–3]. Suppose
the total energy momentum tensor is conserved and we drop the gradient terms, it is well-
known that ζ is conserved even at nonlinear order when there are no non adiabatic pressure
perturbations. We can also define the curvature perturbations ζα on α-fluid uniform density
slice, where α = ν, b, c represents neutrino, baryon, or cold dark matter (CDM) while γ the
photon fluid. Then, the isocurvature perturbations are introduced as Sαγ ≡ 3(ζα − ζγ). It
should be noticed that Sαγ are also conserved at the leading order of the gradient expansion
if the energy momentum tensors of α- and γ-fluids are conserved, respectively. The conser-
vation law of the total energy momentum tensor is universal so that the conservation laws
of the curvature perturbations have been also considered to be robust as long as the other
conditions are satisfied.
In this paper, we revisit the above two assumptions for the conservation laws of ζα:
ignoring the gradient terms and the conservation laws of the energy momentum tensors. First,
we point out that, at nonlinear order, we cannot justify to drop the gradient terms even when
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we consider the long wavelength modes; convolutions in Fourier space can pick up products
of short wavelength modes, which might be significant. As a result, the total curvature
perturbations might not be conserved at nonlinear order even without non-adiabatic pressure
perturbations. We then newly introduce a second order conserved quantity in the presence of
gradient terms. Second, we discuss energy transfer among components, that still conserves
the total energy momentum but violates each one. This would lead to the evolution of
superhorizon isocurvature perturbations. The typical example of the above process is acoustic
reheating of the photon-baryon plasma [4–6]. The short wavelength temperature fluctuations
of the cosmic microwave background (CMB) are significantly damping due to imperfectness
of the photon-baryon fluid, which produces the second order entropy production and the
second order energy transfer between the photons and the baryons. These processes actually
happen inside each diffusion scale; the secondary effects fluctuate on scales larger than those
of corse graining. The distant patches are not necessarily reheated homogeneously if there
exist three or four-point correlations of primordial density perturbations a priori [6]. They
are comparable to the non gradient terms at second order because the convolutions pick
heat conduction and shear viscosity on small scales up. We investigate these diffusion effects
in detail by employing the nonlinear cosmological perturbation theory, which enables us to
follow the evolution of the photon distribution function directly.
We organize this paper as follows. First of all, we explain our set up for the second
order perturbation theory in section 2. Then, we discuss the non conservation of the curvature
perturbations in the presence of gradient terms and introduce a new conserved quantity in
section 3. Section 4 is devoted to describe the actual time evolution of the photon baryon
plasma due to the weak Compton scattering. We comment on several definitions for the
isocurvature perturbations during non-equilibrium periods in section 5. In the final section,
we summarize our conclusions and describe future prospects related to the present results.
2 Set up for second order perturbation theory
We need to perturb both the gravity and the matter sectors up to nonlinear order. Here, let
us first define the nonlinear metric perturbations.
2.1 The metric perturbations
We start with writing the spacetime metric in the following 3+1 form:
ds2 = −N 2dη2 + γij(βidη + dxi)(βjdη + dxj)
= (−N 2 + βkβk)dη2 + 2βidxidη + γijdxidxj . (2.1)
In other words, each component can be written as
gµν =
(−N 2 + βkβk βj
βi γij
)
, (2.2)
where N and βi are the lapse and the shift, respectively. γij is the spatial metric. Let us
consider nonlinear scalar perturbations introduced as
N 2 = a2e2A, (2.3)
βi = a
2eD∂ie
B, (2.4)
γij = a
2e2Dδij , (2.5)
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where a is the scale factor, and we have fixed only the spacial coordinate by vanishing
the anisotropic part of γij . The nonlinear metric perturbations can be expanded as X ≡∑
n=1X
(n) for X = A,B and D with n being the order in primordial perturbations. Note
that the conformal Newtonian, the uniform density, the spatially flat and the velocity orthog-
onal isotropic gauges (comoving gauge) are mutually transformed by changing only the time
slice. Here, we ignore the vector and the tensor perturbations for simplicity. This would be
justified if the primordial vector perturbations and the primordial tensor ones are subdom-
inant compared to the second order scalar ones. We include the curvature perturbation D
in Eq. (2.4) to simplify the inverse matrix in the following discussions. The inverse matrixes
for the induced metric and the shift vector are written as
γij = a−2e−2Dδij , (2.6)
βi = e−D∂ieB. (2.7)
Then, we obtain
βkβk = a
2∂eB∂eB, (2.8)
−N 2 + βkβk = −a2e2A + a2∂eB∂eB, (2.9)
where we write as ∂X∂Y ≡ ∂iX∂iY for notational simplicity. Eqs. (2.4), (2.5) and (2.9) yield
g00 = −a2e2A + a2e2B(∂B)2, (2.10)
g0i = a
2eD+B∂iB, (2.11)
gij = a
2e2Dδij . (2.12)
The inverse matrix of Eq. (2.2) is well known:
gµν =
(
− 1N 2 β
j
N 2
βi
N 2 γ
ij − βiβjN 2
)
. (2.13)
Then, each component of the inverse matrix can be obtained as
g00 = −a−2e−2A, (2.14)
g0i = a−2e−2A−D+B∂iB, (2.15)
gij = a−2e−2Dδij − a−2e−2A−2D+2B∂iB∂jB. (2.16)
The determinant of gµν can be also evaluated as
√−g = N√γ = a4eA+3D. (2.17)
2.2 The Christoffel symbols at second order
Here and hereafter we consider only the perturbations up to second order. Up to second
order, each component of the metric tensor can be rewritten as
g00 = −a2e2A + a2(∂B)2, (2.18)
g0i = a
2eD+B∂iB, (2.19)
gij = a
2e2Dδij , (2.20)
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and the inverse matrix components are
g00 = −a−2e−2A, (2.21)
g0i = a−2e−2A−D+B∂iB, (2.22)
gij = a−2e−2Dδij − a−2∂iB∂jB. (2.23)
Let us evaluate the Christoffel symbol
Γµνρ ≡ 1
2
gµα (∂ρgαν + ∂νgαρ − ∂αgνρ) . (2.24)
Each component of the symbols can be calculated as
Γ000 =H+A′ +H(∂B)2 + ∂A∂B, (2.25)
Γ00i =∂iA+ e
−2A+D+B(H+D′)∂iB − 1
2
∂i(∂B)
2, (2.26)
Γ0ij =
1
2
[∂iB∂jD + ∂jB∂iD]− e−2A+D+B∂i∂jB
− ∂iB∂jB + e−2A+2Dδij
[H+D′ − ∂B∂D] , (2.27)
Γi00 =e
−D+B(H∂iB + ∂iB′) + (−A′ +D′ +B′)∂iB
+ e−2D+2A∂iA− 1
2
∂i(∂B)
2, (2.28)
Γi0j =(H+D′)δij − ∂iB∂jA−H∂iB∂jB
− 1
2
(∂iD∂jB − ∂jD∂iB), (2.29)
Γijk =− ∂iDδjk + ∂kDδij + ∂jDδik + (∂iB)∂j∂kB
− e−2A+D+B(H+D′)δjk∂iB. (2.30)
3 Conserved quantity at second order
In this section we show the conservation laws of the curvature perturbations and discuss the
gradient corrections by full consideration of second order perturbation theory.
3.1 Divergence of the energy momentum tensor
Let T (α)µν be energy momentum tensors of α-fluid. Assuming the conservation of the energy
momentum tensor for each fluid component
∇µT (α)µν = 0, (3.1)
the curvature perturbations on α-fluid uniform density slice
ζα ≡ D + 1
3
∫ ρ(η,x)
ρrf(η)
dρα
ρα + Pα
, (3.2)
are conserved as long as non-adiabatic pressure perturbations and the gradient terms are
negligible [3]. Let us first take a closer look at the above theorem. In this section, we do
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not specify a fluid component explicitly and drop the symbols from expressions. The time
component of the covariant divergence can be given as
∇µTµ0 =∂µTµ0 + Tµ0∂µ ln
√−g − Γαµ0Tµα. (3.3)
Note that only a spatial gradient term in
∂µT
µ
0 = ∂0T
0
0 + ∂iT
i
0, (3.4)
is negligible on superhorizon scales. The other gradient terms arising in products of the
linear perturbations cannot be dropped without their concrete evaluations since they may
have significant contributions on small scales through convolutions in Fourier space. On the
other hand, from Eq. (2.17), the second term in Eq. (3.3) can be easily evaluated as
Tµ0∂µ ln
√−g = (4H+A′ + 3D′)T 00 + T i0∂i(A+ 3D). (3.5)
The term with the Christoffel symbol in Eq. (3.3) is decomposed into 4 parts:
Γαµ0T
µ
α = Γ
0
00T
0
0 + Γ
0
i0T
i
0 + Γ
i
00T
0
i + Γ
i
j0T
j
i. (3.6)
Each part can be easily calculated as
Γ000T
0
0 =(H+A′)T 00 +H(∂B)2T 00 + (∂A∂B)T 00, (3.7)
Γ0i0T
i
0 =H∂iBT i0 + ∂iAT i0, (3.8)
Γi00T
0
i =H∂iBT 0i + ∂iB′T 0i + ∂iAT 0i (3.9)
Γij0T
j
i =3P (H+D′)− P (∂B∂A)− PH(∂B)2, (3.10)
where we have decomposed T ij into the trace part (that is, the pressure part) and the traceless
part (the anisotropic pressure part),
T ij = Pδ
i
j + T˜
i
j (3.11)
with T˜ ii = 0. Note that the anisotropic pressure is at least first order quantity, which would
be included in the cubic order terms above; therefore, only the isotropic pressure arises in
Eq. (3.10). At linear order, the following relation is useful:
T i0 + T
0
i = −∂iB(T 00 − P ). (3.12)
Then, using Eqs. (3.4), (3.5) and (3.12), we finally obtain
∇µTµ0 =∂µTµ0 + 3(H+D′)(T 00 − P )− (T 00 − P )∂B∂(A+ 3D)− T 0i∂i(A+ 3D +B′).
(3.13)
In most of the previous literatures where perfect fluid approximations are assumed, the
gradient terms are automatically dropped. On the other hand, in our case, only the second
term in Eq. (3.4) is negligible, and products of the linear perturbations cannot be necessarily
dropped. Let us introduce the energy density ρ and the momentum transfer q as
ρ ≡ −T 00, (3.14)
∂iq ≡ T
0
i
ρ+ P
. (3.15)
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Then, (3.13) can be recast into
− 1
3(ρ+ P )
∇µTµ0 = H+D′ + ρ
′
3(ρ+ P )
− 1
3
∂B∂(A+ 3D) +
1
3
∂q∂(A+ 3D +B′). (3.16)
Note that we have not taken the specific time slice other than the spacial coordinate;
therefore Eq. (3.13) is useful for conformal Newtonian (B = 0), uniform density (δρ = 0),
spatially flat (D = 0) or velocity orthogonal isotropic gauges (q = 0), respectively.
3.2 Gradient corrections
We are now ready to discuss the superhorizon conserved quantities in the presence of gradient
terms. From Eqs. (3.1), (3.2), and (3.16), we immediately obtain
ζ ′α =
1
3
∂B∂(A+ 3D)− 1
3
∂qα∂(A+ 3D +B
′). (3.17)
Eq. (3.17) apparently shows that ζα is not conserved in the presence of second order gradient
terms. Note that we cannot simply ignore the RHS even for long wavelength modes as we
already mentioned.
As explained in section 2.1, the spacial coordinate is already fixed; the residual linear
gauge freedom is given by a shift of the time coordinate
η → η + α. (3.18)
Here, it should be noticed that the source term is composed of the products of linear pertur-
bations; therefore, we only consider the linear gauge transformation here. In response to the
above transformation, the metric perturbations obey the following transformation laws [7]:
A = A˜− α′ −Hα, (3.19)
B = B˜ + α, (3.20)
D = D˜ −Hα. (3.21)
On the other hand, the energy density, the pressure and the momentum transfer transform
as
δρ = δρ˜− αρ(0)′, (3.22)
δP = δP˜ − αP (0)′, (3.23)
q = q˜ + α. (3.24)
Then, we find
A+ 3D +B′ = A˜+ 3D˜ + B˜′ − 4Hα. (3.25)
Eqs. (3.17) and (3.25) motivate us to move on to the gauge which satisfies the following
relation:
A+ 3D +B′ = 0. (3.26)
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This condition is useful since the fluid components and metric perturbations decouple in
the covariant derivative of the energy momentum tensor, and gauge fixing is complete from
Eq. (3.25). In this gauge, we find following quantities are conserved:
ξα ≡ D + 1
6
∂B∂B +
1
3
∫ ρ(η,x)
ρrf(η)
dρα
ρα + Pα
. (3.27)
Note that ξα → ζα if we ignore the gradient term. We define the isocurvature perturbations
in terms of ξα in the similar way:
Sαγ = 3(ξα − ξγ), (3.28)
which are also conserved if the energy momentum tensors are conserved and non-adiabatic
pressure perturbations are absent. Thus the curvature perturbations on the uniform density
slice are no more conserved in the presence of gradient terms. Instead, we introduced another
conserved quantity ξ at second order. ξ is no more the curvature perturbation on the uniform
density slice since we moved to another specific time slicing. In the next section, we consider
the time evolution of ξ in the presence of a collision process.
4 Energy transfer and time evolution of the isocurvature perturbations
4.1 The local Minkowski frame for collision processes
Here, we discuss the collision processes for the weak Compton scattering, which are described
by the quantum electrodynamics (QED) in the local Minkowski coordinate. To relate the
local frame with the global one defined in Eq. (2.1), let us consider the following coordinate
transformations [8, 9]:
gµν = ηα¯β¯e
α¯
µe
β¯
ν , (4.1)
where each vierbein is defined as
e0¯0 = ae
A, (4.2)
e0¯i = 0, (4.3)
ea¯0 = ae
B∂a¯B, (4.4)
ea¯i = ae
Dδa¯i. (4.5)
For the inverse matrix, the coordinate transformation becomes
gµν = eµα¯e
ν
β¯η
α¯β¯, (4.6)
where we have introduced
e00¯ = a
−1e−A, (4.7)
e0a¯ = 0, (4.8)
ei0¯ = −a−1e−A−D+B∂iB, (4.9)
eia¯ = a
−1e−Dδia¯. (4.10)
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Next, let us consider the physical momentum p˜α¯ of a particle in the local Minkowski
frame. The momentum satisfies
p˜α¯p˜
α¯ = ηα¯β¯ p˜α¯p˜β¯ = ηα¯β¯ p˜
α¯p˜β¯ = −m2, (4.11)
where m is the mass of the particle. The evolution of the photon momentum in the expanding
universe is written as
p˜α¯ ∝ 1
a
. (4.12)
Then, it would be more convenient to introduce the comoving momentum so as to subtract
the background spacetime evolution. For this purpose, we define the comoving momentum
of the conformal flat coordinate as
pα¯ ≡ ap˜α¯. (4.13)
The energy and the spacial direction of the photon are also introduced as
p ≡ p0¯, (4.14)
na¯ ≡ p
a¯
p
. (4.15)
Then we can write the conjugate momentum, Pµ = eµα¯p˜
α¯, associated with the spacial
coordinate by using p and ni as
P 0 =
p˜0¯
aeA
=
p
a2eA
, (4.16)
P i =
p
a2eD
(ni − eB−A∂iB), (4.17)
P0 = −peA(1− eB−An∂B). (4.18)
4.2 Time evolution of the photon energy momentum tensor
In order to elucidate a concrete collision process, we start with constructing the photon
energy momentum tensor from the phase space distribution function fγ :
T (γ)µν ≡ 2
∫
d4P√−g(2pi)4 2piδ(PαP
α)θ(P 0)2PµP νfγ , (4.19)
where θ is a step function, P ’s in this expression are conjugate momenta Pµ, and α implies
a fluid component. Then the covariant derivative of Eq. (4.19) is given by
∇µT (γ)µν = 2
∫
d3P√−g(2pi)3P 0Pν
dfγ
dλ
, (4.20)
where λ is an affine parameter and P 0 = dη/dλ. Under the non canonical coordinate trans-
formation Pi → pa¯
Pi = gije
j
a¯
pa¯
a¯
, (4.21)
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the Jacobian is transformed as
|gijej a¯a−1| = e3D. (4.22)
Then, the three dimensional volume element in momentum space can be expressed as
d3P ≡ dP1dP2dP3 = e3Dp2dpdn, (4.23)
in terms of the momentum in the local conformal Minkowski frame. Using the above expres-
sion, Eq. (4.20) yields
∇µT (γ)µ0 = − 2
a4
∫
p2dpdn
(2pi)3
p(1− n∂B + · · · )dfγ
dη
, (4.24)
where dots imply second order corrections. The integrand of Eq. (4.24) is directly related to
the collision process through the Boltzmann equation:
dfγ
dη
= C[fγ , · · · ], (4.25)
where the dots imply the distribution functions of the fluids which interact with the photons.
When we consider the weak Compton scattering up to second order, a solution to the above
Boltzmann equation can written as the superposition of a local blackbody and the spectral
y distortion. In this case, the collision term can be decomposed into the following form [10]
C[f ] = AG(p) + BY(p), (4.26)
where we have also introduced
G(p) ≡
(
−p ∂
∂p
)
f (0)(p), (4.27)
Y(p) ≡
(
−p ∂
∂p
)2
f (0)(p)− 3G(p), (4.28)
with f (0)(p) ≡ (ep/Trf − 1)−1. p is the local frame comoving momentum defined in Eq. (4.14),
and Trf is a (constant) comoving temperature of reference blackbody whose number density
and energy density are defined as
Nγrf = 2
∫
p2dp
2pi2
f (0), (4.29)
ργrf = 2
∫
p2dp
2pi2
pf (0). (4.30)
We can show that the isotropic component of A is zero from the fact that the weak
Compton scattering does not change the number of photons. Here we introduce the following
number density flux
Nµγ ≡ 2
∫
d4P√−g(2pi)4 2piδ(PαP
α)θ(P 0)2Pµfγ . (4.31)
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The covariant derivative of the number flux can be calculated as
∇µNµγ = 2
∫
d3P√−g(2pi)3P 0
dfγ
dλ
. (4.32)
Then, substituting Eqs. (4.26) into (4.32), we obtain
∇µNµγ = 3Nγrf
1
eAa4
∫
dn
4pi
A = 0, (4.33)
where we have used
2
∫
p2dp
2pi2
G = 3Nγrf , (4.34)
2
∫
p2dp
2pi2
Y = 0. (4.35)
On the other hand, the dipole component of A is not zero. In our notation, the dipole
component of A and the monopole component of B are written as [9–12]∫
dn
4pi
nA = 1
3
neσTa∂ˆ(v + 3iΘ1) + · · · (4.36)∫
dn
4pi
B = 1
3
neσTa∂ˆv∂ˆ(v + 3iΘ1), (4.37)
where the dots represent the second order corrections, and ∂ˆ corresponds to ik/|k| in Fourier
space 1. v = |v| is the magnitude of the velocity of the baryon fluid, and Θ1 is the dipole
component of the photon temperature perturbations. ne is the electron density, σT is the
Thomson scattering cross section, and a is a scale factor. Using Eqs. (4.24), (4.26), (4.36)
and (4.37), we find
∇µT (γ)µ0 = − 4
3a4
ργ,rfneσTa(∂ˆv − ∂B)∂ˆ(v + 3iΘ1), (4.38)
where we have used
2
∫
p2dpp
2pi2
G = 4ργrf , (4.39)
2
∫
p2dpp
2pi2
Y = 4ργrf . (4.40)
We are now ready to discuss the superhorizon evolution of the isocurvature perturbations
in the presence of heat conduction between electrons and photons. From Eqs. (3.16), (3.27),
and (4.38), we find
ξ′γ =
1
3
neσTa(∂ˆv − ∂B)∂ˆ(v + 3iΘ1), (4.41)
ξ′b =−
1
3R
neσTa(∂ˆv − ∂B)∂ˆ(v + 3iΘ1), (4.42)
ξ′c =0, (4.43)
1In Ref. [10], the angular dependence was not properly treated, and ∂ˆ was dropped.
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where R = 3ρb/4ργ = 3aρb,rf/4ργ,rf , and we used Eq. (3.16) for the baryon fluid with
∇µT (γ)µ0 +∇µT (b)µ0 = 0. (4.44)
Then time derivatives of the isocurvature perturbations defined with Eq. (3.28) become
S′bγ = −
(1 +R)
R
neσTa(∂ˆv − ∂B)∂ˆ(v + 3iΘ1), (4.45)
S′cγ = −neσTa(∂ˆv − ∂B)∂ˆ(v + 3iΘ1). (4.46)
These expressions imply that the heat conduction from electron fluid is responsible for the
change of the total photon energy while the friction heat from the intrinsic photon shear
viscosity Θ2 is not. This is because the friction heat from the photon anisotropic stress does
not increase the net energy in a photon system as long as we deal with background and
perturbations as a whole system. Some confusion may occur if one separates the background
and perturbations as done in the previous literatures, in which energy transfers from pertur-
bations to the background are discussed. In response to Eq. (4.38), the energy momentum
conservation for baryons should be also broken while those of the total fluids and the other
dark sectors remain conserved. Note that these expressions are independent of the gauge
choice (3.26) since Eq. (3.24) for the baryons and the photons are written as
v → v˜ = v + kα, (4.47)
Θ1 → Θ˜1 = Θ1 + ik
3
α. (4.48)
4.3 Role of the primordial non Gaussianity
Eqs. (4.45) and (4.46) imply that the observed isocurvature perturbations are superposition
of the primordial isocurvature and the secondary isocurvature. Suppose we only have the
adiabatic perturbations at the beginning, the Fourier space isocurvature perturbations are
simply given as
Sαγ,k =
∫
d3k1d
3k2
(2pi)6
(2pi)3δ(3)(k1 + k2 − k)Sα(k1,k2)ζk1ζk2 , (4.49)
Here, the transfer functions in Fourier space are introduced as
Sα(k1,k2) = kˆ1 · kˆ2
∫
dηwαneσTa[v(k1)− k1B(k1)][v(k2) + 3iΘ1(k2)], (4.50)
where wb = (1 +R)/R, wc = 1. On the other hand, the statistics of the adiabatic perturba-
tions in the Fourier spaces are written as
〈ζk1ζk2〉 = (2pi)3δ(3)
[
2∑
i=1
ki
]
Pζ(k1), (4.51)
〈ζk1ζk2ζk3〉 = (2pi)3δ(3)
[
3∑
i=1
ki
]
Bζ(k1,k2,k3), (4.52)
〈ζk1ζk2ζk3ζk4〉 = (2pi)3δ(3)
[
4∑
i=1
ki
]
Tζ(k1,k2,k3,k4). (4.53)
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Then, the cross correlations with the adiabatic perturbations and the auto correlations be-
come
〈Sαγ,kζk′〉 = (2pi)3δ(k + k′)Pαζ(k), (4.54)
〈Sαγ,kSβγk′〉 = (2pi)3δ(k + k′)Pαβ(k), (4.55)
where the powerspectra are calculated as
Pαζ =
∫
d3k1
(2pi)3
Sα(k1,k− k1)Bζ(k1,k− k1,k), (4.56)
Pαβ =
∏
i=α,β
[∫
d3k
(i)
1
(2pi)3
Si(k(i)1 ,k− k(i)1 )
]
Tζ(k
(α)
1 ,k− k(α)1 ,k(β)1 ,k− k(β)1 ). (4.57)
The scale dependences of the secondary powerspectra depend on the shape of the primordial
non Gaussianity. As an example, consider the local forms of bispectra and trispectra:
Bζ(k1,k2,k3) =
6
5
f loc.NL [Pζ(k1)Pζ(k2) + (2 perms.)] , (4.58)
Tζ(k1,k2,k3,k4) = τ
loc.
NL [Pζ(k1)Pζ(k2)Pζ(|k1 + k3|) + (11 perms.)] , (4.59)
where we have omitted terms proportional to gloc.NL for simplicity. Then the dominant contri-
butions become
Pαζ ≈ 12
5
f loc.NL Pζ(k)×
∫
d3k1
(2pi)3
Sα(k1,−k1)Pζ(k1), (4.60)
Pαβ ≈ 4τ loc.NL Pζ(k)×
∏
i=α,β
[∫
d3k
(i)
1
(2pi)3
Si(k
(i)
1 ,−k(i)1 )Pζ(k(i)1 )
]
. (4.61)
Thus, the powerspectra of the secondary isocurvature perturbations are the same form with
the linear isocurvature powerspectrum. The disconnected part of the trispectrum leads to
the following contribution for k 6= 0 and k′ 6= 0:
P
(d)
αβ ≈
∫
d3k1
(2pi)3
∏
i=α,β
Si(ηi,k1,−k1)Pζ(k1)Pζ(k1). (4.62)
Then we obtain P
(d)
αβ ≈ const. for the disconnected trispectrum. This suggests the
spectral index is 4, and the powerspectrum is mainly enhanced on scales where the physical
process occurs. In other words, the Gaussian fluctuations cannot produce the superhorizon
isocurvature modes.
5 Generation of Entropy perturbations
Besides the conserved quantity (3.27), one may wonder if we could introduce the similar
quantities by using the entropy flux. In this section, we introduce the secondary entropy
perturbations, which are not identified with the isocurvature perturbations if we consider
non equilibrium universe during recombination.
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5.1 Entropy flux non conservation
Suppose the universe is out of equilibrium states, the standard thermodynamic relation
among the entropy density, the energy density and pressure is not applicable. Instead, we
introduce the (Shannon) entropy flux, which is defined in terms of a logarithm of the number
of states [13],
Sµγ ≡ 2
∫
d4P√−g(2pi)4 2piδ(PαP
α)θ(P 0)2PµF , (5.1)
F ≡ [(fγ + 1) ln(fγ + 1)− fγ ln fγ ] . (5.2)
Note that this definition reproduces the thermodynamic entropy density for the Planck dis-
tribution. The covariant divergence of this entropy flux can be calculated as
∇µSµγ = 2
∫
d3P√−g(2pi)3P 0
dF
dλ
. (5.3)
A solution to the Boltzmann equation with the weak Compton collision process can
be written as a superposition of the local blackbody and the spectral y distortion up to
the second order in the primordial fluctuations [9, 11]. Such an ansatz can be expanded as
follows:
fγ =f
(0)(p) +
[
Θ +
3
2
Θ2
]
G(p) +
[
1
2
Θ2 + y
]
Y(p), (5.4)
where Θ = Θ(1) + Θ(2) and y = y(2) are the temperature perturbation and spectral y distor-
tion, respectively. Then, Eq. (5.3) vanishes at zeroth and first orders of the perturbations,
but there exist non-zero contributions at second order, which is manifest from the following
expression,
1
P 0
dF
dλ
=
dF
dη
=
p
Trf
[(1−Θ)AG + BY] . (5.5)
Here we have replaced the Liouville term with the collision terms by using the Boltzmann
equation. Using the Boltzmann equation for the y distortion [9–12],
y′ = B −ΘA, (5.6)
with Eqs. (5.3), and (5.5), we find
∇µSµγ =
4pi2
15a
(
Trf
a
)3
y′0. (5.7)
Thus, entropy increases with the generation of the spectral y distortion. The physical entropy
density can be defined as Sγ ≡ −nµSµγ with nµ ≡ ∇µη(−∇νη∇νη)− 12 being the normalized
1-form orthogonal to a constant η hypersurface. One may wonder if Eq. (5.7) can also be
derived from the standard thermodynamic relation,
dSγ
dt
=
1
T
dQ
dt
, (5.8)
where Q is thermodynamical heat. What we found is not a reinterpretation of this relation
because we identify “heat” for the photon baryon fluid in the presence of non-equilibrium
effect; thermodynamic arguments are not applicable to. Thus, the generation of y distortion
is not directly identified with the entropy perturbation production without a kinetic descrip-
tion based on the Boltzmann equation.
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5.2 Entropy perturbations at second order
We are now ready to introduce a quantity
ζ(S)γ ≡ D +
A
3
+
1
3
ln
(
S0
S0rf
)
, (5.9)
where S0rf = 4pi
2T 3rf/(45a
4). This quantity is conserved as long as entropy flux conserves
at leading order of the gradient expansion. Let us check this statement by considering the
covariant derivative of the entropy flux:
∇µSµγ = ∂µSµ + Sµ∂µ ln
√−g. (5.10)
Dropping a gradient term ∂iS
i, we find
ζ(S)γ
′ = − S
i
3S0
∂i(A+ 3D) + y
′
0, (5.11)
where we have used Eq. (5.7). The first term represents a volume effect, which is manifest
only when we take into account the next leading order of the gradient expansion. ζ
(S)
γ is
conserved even at second order when the scattering is negligible, but only if we move on to
A+ 3D = 0 gauge, where the volume element does not fluctuate. However, note that gauge
is not completely fixed on this slice. The second term arises as a result of the entropy pro-
duction, which, in this paper, we should keep since the imperfectness of a fluid on subhorizon
scales could be non negligible due to convolutions.
The entropy density is not necessarily proportional to the number density if both of
them are evaluated for a non-equilibrium state. In our case, its discrepancy is expressed
in terms of y distortion, which characterizes the deviation from the thermodynamic system.
The curvature perturbations on the uniform number density slice can be also defined through
the same procedures with the entropy:
ζ(N)γ ≡ D +
A
3
+
1
3
ln
(
N0
N0rf
)
, (5.12)
where N0rf = 2ζ(3)T
3
rf/(pi
2a4). Using the number flux conservation laws and dropping ∂iN
i,
we find
ζ(N)γ
′ = − N
i
3N0
∂i(A+ 3D). (5.13)
Thus ζ
(N)
γ is also a conserved quantity if we have the number conservation law and take the
leading order of the gradient expansion. Note that ζ
(N)
γ is also conserved in A + 3D = 0
gauge even at second order without truncating the higher order gradient corrections.
Now let us consider the following isocurvature perturbations:
S(NS)αγ ≡ ζ(N)α − ζ(S)γ . (5.14)
This is a covariant extension of δ (Nα/Sγ) at nonlinear order. It should be noticed that the
following relation
N i
N0
=
Si
S0
, (5.15)
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applies at linear order even for the present case since the spectral distortion is a second order
effect. Then we obtain
S(NS)
′
αγ = −y′0. (5.16)
Thus, the entropy perturbations are also conserved quantity in the presence of gradient
terms if the photon entropy flux and α-fluid number density flux are conserved. We may also
consider isocurvature perturbations defined as
S(N)αγ ≡ 3(ζ(N)α − ζ(N)γ ), (5.17)
which are conserved if each number density flux are conserved.
The above discordance between Eqs. (5.14) and (5.17) motivates us to newly define the
photon isocurvature perturbation as a fluctuation of a fraction between the photon number
density and the photon entropy density
S(NS)γγ = −3y0. (5.18)
This is nothing but the spectral y distortion. For the chemical equilibrium period in the
early universe where y distortion is erased, it is obvious that S
(N−S)
αγ = S
(N)
αγ = Sαγ due to
thermodynamic relations.
Thus, Eqs. (5.14) and (5.17) can be also defined as superhorizon conserved quantities
without scattering processes. However, in contrast to the conservation laws of energy momen-
tum tensor, the conservation laws for the number flux and the entropy flux are not necessarily
established in the whole cosmic history. Therefore, Eq. (3.28) is much more important than
the others.
6 Conclusions
In this paper, we revisited the two assumptions for the conservation laws of the superhorizon
isocurvature perturbations: the negligibility of the gradient terms and the energy conserva-
tion laws for the component fluids. We pointed out that the second order gradient terms
are not necessarily dropped even if we consider the long wavelength modes. Then, we have
introduced new second order quantities, which are conserved even in the presence of gradi-
ent terms if there are no non-adiabatic pressure perturbations. It should be noticed that
they coincide with the curvature perturbations on the uniform density slice only when we
can ignore the gradient terms. The total energy momentum tensor is always conserved, but
that for each component fluid is not necessarily conserved. As such an example, we discuss
the weak Compton scattering that transfers the energy between the photons and baryons.
We found that the secondary isocurvature perturbations are generated due to this energy
transfer. The powerspectra of secondary isocurvature perturbations become scale invariant
if we consider the local form of the primordial tri- and bispectrum. On the other hand, the
disconnected part of the trispectrum only produces the isocurvature perturbations on scales
where the actual physical process occurs. We also commented on the entropy perturbations,
which are usually equivalent to the isocurvature perturbations in thermal equilibrium states.
However, in our case, we cannot identify these two quantities when the universe is dominated
by the weak Compton scattering and is not in thermal equilibrium. We found that the en-
tropy perturbations can be understood in terms of the spectral y distortion, which is a non
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thermal deviation from the blackbody spectrum produced in the weak Compton scattering
dominated universe.
The new quantity ξ we have introduced in this paper is still gauge dependent. However,
it should be noticed that we can always define the gauge invariant quantities recursively even
at nonlinear order as pointed out in Ref. [14]. Using this formalism, the gauge invariant
expressions for ξ would be investigated in future works. Though we only consider the weak
Compton scattering, it would also be interesting if we consider the similar heat conduction
from the other species such as neutrinos in the earlier epoch. This would lead to a new
constraint on curvature perturbations with extremely short wavelength though it requires
explicit evaluation for each scattering process, which is left for our future works. So far, we
have discussed the late epoch when the universe is in neither kinetic nor chemical equilib-
rium. In the early epoch, the full considerations of the Compton collision terms are necessary.
When there exist relativistic electrons that can sufficiently transfer the photon energy, local
kinetic equilibrium is expected. In this case, the y distortion may be transformed into the µ
distortion, which is defined as chemical potential of a Bose distribution function. In the ear-
lier epoch, the number changing process such as the double Compton effects, Bremsstrahlung
or pair annihilation are also non-negligible. They adjust the number density and erase the
spectral distortions so as to realize chemical equilibrium. Referring to Eqs. (4.32) and (4.20),
such violation of photon number density conservation would break photon energy conserva-
tion as well. Then, secondary isocurvature perturbations might be additionally generated on
superhorizon scales, but further study is necessary to make a clearer statement.
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